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Abstract. The unidirectional motion of two viscous incompressible liquids in a flat channel is
studied. Liquids contact on a flat interface. External boundaries are fixed solid walls, on which
the non-stationary temperature gradients are given. The motion is induced by a joint action of
thermogravitational and thermocapillary forces and given total non - stationary fluid flow rate
in layers. The corresponding initial boundary value problem is conjugate and inverse because
the pressure gradients along axes channel have to be determined together with the velocity and
temperature field. For this problem the exact stationary solution is found and a priori estimates
of non - stationary solutions are obtained. In Laplace images the solution of the non - stationary
problem is found in quadratures. It is proved, that the solution converges to a steady regime
with time, if the temperature on the walls and the fluid flow rate are stabilized. The numerical
calculations for specific liquid media good agree with the theoretical results.
1. Statement of the problem
We consider the system of two incompressible immiscible liquids with the interface y = 0. The
parameters of liquids moving in strips −h1 < y < 0 and 0 < y < h2, −∞ < x <∞ are denoted
by the indices “1” and “2”, respectively; ρj , νj , χj , cpj , βj , kj are the densities, kinematic
viscosities, coefficients of thermal diffusivity, specific heat of liquids, volumetric expansion and
thermal conductivity, respectively. Further, it is assumed that these parameters are positive
constants. The motion of liquids is described by the Oberbeck - Boussinesq equation system.
Following the works [1, 2], we set
uj = wj(y, t), θj = −aj(y, t)x+ Tj(y, t), pj = −bj(y, t)x+ Pj(y, t), j = 1, 2. (1)
Substitution (1) in the Oberbeck - Boussinesq equation system leads to equations
ajt = χjajyy, bjy = ρjgβjaj , wjt = νjwjyy +
1
ρj
bj ,
Tjt = χjTjyy + ajwj , Pjy = ρjgβjTj ,
(2)
where uj is the projection of the velocity vector on the axis x, pj is the deviation of pressure from
hydrostatic one, g = const is the acceleration of gravity force, θj is the temperature. Further,
a problem for determining the velocity field (i. e. for wj and aj) will be considered only. The
functions Tj is the solution of the conjugate problem that is analogous to the problem for aj .
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The functions bj and Pj are found from the second and fourth equations (2) with known aj and
Tj .
The conjugate boundary value problem for the functions aj(y, t) has the form
ajt = χjajyy, (3)
aj(y, 0) = aj0(y), (4)
a1(−h1, t) = A1(t), a2(h2, t) = A2(t), (5)
a1(0, t) = a2(0, t), k1a1y(0, t) = k2a2y(0, t) (6)
with given functions aj0(y), Aj(t), j = 1, 2, which for the smooth solutions must satisfy the
matching conditions a10(−h1) = A1(0), a20(h2) = A2(0), a10(0) = a20(0), k1a10y(0) = k2a20y(0).
Relations (6) result from the equality of temperatures and heat fluxes on the interface y = 0 [3].
Let us formulate the problem for wj(y, t). Due to (2)
bj(y, t) = ρjgβj
y∫
0
aj(z, t) dz + Cj(t), (7)
with arbitrary functions Cj(t), then
wjt = νjwjyy + gβj
y∫
0
aj(z, t) dz +
1
ρj
Cj(t), (8)
wj(y, 0) = wj0(y), (9)
w1(−h1, t) = 0, w2(h2, t) = 0. (10)
The dynamic condition at the interface [3] is reduced into two conditions:
ρ2ν2w2y(0, t)− ρ1ν1w1y(0, t) = −a1(0, t)æ, p1(0, t) = p2(0, t). (11)
From the latter condition and the representations (1), (7) we obtain the equalities C1(t) =
C2(t) ≡ C(t), P1(0, t) = P2(0, t). Besides,
w1(0, t) = w2(0, t) (12)
and the initial data for a smooth solution must be agreed: w10(−h1) = 0, w20(h2) = 0,
A10(0) = A20(0), ρ2ν2w20y(0)− ρ1ν1w10y(0) = −A10(0)æ, w10(0) = w20(0).
If the function C(t) is given, then the equation (8) with the boundary conditions (10) –
(12) are the problem for the velocities. The aim of this paper is to study the inverse problem.
Therefore, it is necessary to impose additional condition. We assume that the total fluid flow
rate in layers is given
0∫
−h1
w1(y, t) dy +
h2∫
0
w2(y, t) dy = Q(t). (13)
Similar formulations of problems arise under studying some technological processes, namely:
thermal stabilization of power plants or cooling of electronic devices, no - contact coating
technologies or alloying of steel [4, 5, 6].
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2. Stationary flow
As before, we assume that As1 = const 6= 0 on the bottom wall y = −h1. Now, we give the form
of the stationary solution. The following dimensionless variables and parameters are introduced:
ξ = y/h1, −1 6 ξ 6 0, η = y/h2, 6 η 6 1, k = k1/k2, h = h1/h2, χ = χ1/χ2, ρ = ρ1/ρ2,
ν = ν1/ν2, a = A
s
2/A
s
1 = const,
Ra1 =
gβ1A
s
1h
4
1
ν1χ1
, Ra2 =
gβ2A
s
1h
4
2
ν2χ2
, C¯s =
h31C
s
ρ1ν1χ1
, Ma =
æAs1h
2
2
ρ2ν2χ2
,
then
as1(ξ) = A
s
1
[
1 +
h(a− 1)(1 + ξ)
k + h
]
, as2(η) = A
s
1
[
1 +
(a− 1)(h+ kη)
k + h
]
, (14)
ws1(ξ) =
χ1
h1
{
− ξ
2
2
C¯s − Ra1
6
[
ξ3 +
h(a− 1)
k + h
(
ξ3 +
ξ4
4
)]}
+ α1ξ + α2,
ws2(η) =
χ2
h2
{
− ρνχ
2h3
C¯sη2 − Ra2
6
[
η3 +
(a− 1)
k + h
(
hη3 +
kη4
4
)]}
+ α3η + α2,
(15)
α1 =
χ1h
h1(h+ ρν)
{
C¯s
2
(
ρν
h2
− 1
)
+
Ra1
6
[
1 +
3h
4
(a− 1)
k + h
]
+
+
h
6χ
Ra2
[
1 +
(a− 1)
k + h
(
h+
k
4
)]
+
h
χ
Ma
[
1 +
h(a− 1)
k + h
]}
,
α2 = α1 +
χ1
h1
{
C¯s
2
− Ra1
6
[
1 +
3h
4
(a− 1)
k + h
]}
,
α3 =
χ2h
h2(h+ ρν)
{
ρν
h
[
χC¯s
2h
(
ρν
h2
− 1
)
+
χRa1
6h
(
1 +
3h
4
(a− 1)
k + h
)
+
+
Ra2
6
(
1 +
(a− 1)
k + h
(
h+
k
4
))]
−Ma
[
1 +
h(a− 1)
k + h
]}
.
In the considered inverse problem, with given total fluid flow rate Qs = const (see (13)),
dimensionless constant C¯s is defined as follows
C¯s =
6h3χ−1
α5
{
Q¯s − χRa1
[
1
24
+
h(a− 1)
30(k + h)
−
(
1
6
+
h(a− 1)
8(h+ k)
)(
1 +
1− α4
h
)]
+
+Ra2
[
1
24
+
(a− 1)(k + 5h)
120(k + h)
− α4
(
1
6
+
(a− 1)(k + 4h)
24(h+ k)
)]
+
Ma(1− 2α4)
2(k + h)
}
,
(16)
where Q¯s = Qs/χ2 is dimensionless flow, α4 = (ρν + h(h + 2))(ρν + h)
−1/2, α5 = h2(2h + 3 −
3α4) +ρν(1 + 3α4). We have a = 1 at equal temperature gradients on the walls y = −h1, y = h2
and the all formulas are simplified.
Figure 1 present the profiles of dimensionless velocities w¯sj = w
s
jhjχ
−1
j dependending on the
thickness of the first layer for the system water (j = 1) – liquid CO2 (j = 2). The physical
parameters of the system are the following: ρ1 = 0.99821·103 kg/m3, ν1 = 1.0038·10−6 m2/s, k1 =
0.5984 kg ·m/s3 ·K, χ1 = 1.44152 ·10−7 m2/s, β1 = 0.18 ·10−3 K−1, ρ2 = 0.867191 ·103 kg/m3, ν2 =
2.0076·10−6 m2/s, χ2 = 1.1221·10−7 m2/s, k2 = 0.1101056 kg·m/s3·K, β2 = 1.0188·10−3 K−1,æ =
0.0001989 N/m · K, σ = 72.86 · 10−3 N/m. If the thicknesses of the layers are the same
h1 = h2 = 0.001 m, a zone with the reverse flow arises in the second layer and velocity profile is
a parabolic one. The flow is the Poiseuille one. With increasing thickness of the first layer the
reverse flow is formed only in the first layer and the velocity profile becomes linear. Such flow
is the Couette flow.
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Figure 1. Stationary profile of dimensionless velocities w¯sj ; A
s
1 = 2
oC/m; Qs = 0; h2 = 0.001m
3. A priori estimates
In solving the initial conjugate initial boundary value problems (3) – (6), (8) – (13) the method
of variables separation is not applicable. Therefore, for the study the qualitative properties of
the solutions, we use the method of a priori estimates [7]. Using this technique we can show
that the solution of initial boundary value problem (3) – (6) tends to stationary one (14) if the
integrals
∞∫
0
eδt|Aj(t)−Asj | dt,
∞∫
0
eδt|A′j(t)| dt, δ =
1
M
min
j
(
kj
χj
)
, j = 1, 2, (17)
converge and we have estimates for the convergence rate are valid
|aj(y, t)− asj(y)| 6
(
8χj
k2j
F (t)K(t)
)1/4
+ |Aj(t)−Asj |. (18)
The last estimates are uniform ones with respect to y ∈ [−h1, 0] for j = 1 and y ∈ [0, h2] at
j = 2 and t ∈ [0,∞). In (17) M is the constant from the Friedrichs inequality [8]; the function
F (t) in (18) is limited and K(t) ∼ e−2δt.
For the prolem (8) – (13) we get similar result. The solution of initial boundary value problem
(8) – (13) tends to stationary one (15), (16) if the integrals (17) and
∞∫
0
eδt|A′′j (t)| dt,
∞∫
0
eδ1t|Q(t)−Qs| dt,
∞∫
0
eδ1t|Q′(t)| dt,
∞∫
0
eδ1t|Q′′(t)| dt, δ1 = 1
M
min
j
(
1
ρj
)
(19)
converge and we have estimates for the convergence rate are valid
|wj(y, t)− wsj (y)| 6

√
3
18
æh1
ρ1ν1
|a1(0, t)− as1(0)|
16h2
9
|Q(t)−Qs|
+
(
8νj
µ2j
F2(t)E(t)
)1/4
. (20)
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Estimates (20) are the uniform ones with respect to y ∈ [−h1, 0] at j = 1 and y ∈ [0, h2] at
j = 2; t ∈ [0,∞). And for the function C(t) we have
|C(t)− Cs| 6 c
[
|A1(t)−As1|+
(
8χ1
k21
F (t)K(t)
)1/4
+ |A′1(t)|+
(
8χ1
k21
F1(t)K1(t)
)1/4
+
+
(
8ν1
µ21
F2(t)E(t)
)1/4
+
(
8ν1
µ21
F3(t)E1(t)
)1/4]
(21)
with positive constant c depending on the input data. In (20), (21) the functions F1(t), F2(t),
F3(t) are limited and E(t), E1(t) ∼ e−2δ1t.
4. The solution of conjugate problem by the Laplace transformation method.
Analysis of the numerical results
For more accurate information on behavior a(y, t) and w(y, t) the Laplace transformation is
applied. As a result, we get to the boundary value problem for images aˆj(y, p) of functions
aj(y, p)
aˆ1ξξ(ξ, p)− paˆ1(ξ, p) = −a10(ξ),
aˆ2ηη(η, p)− pχh−2aˆ2(η, p) = −χh−2a20(η),
(22)
aˆ1(−1, p) = Aˆ1(p), aˆ2(1, p) = Aˆ2(p),
aˆ1(0, p) = aˆ2(0, p), kh
−1aˆ1ξ(0, p) = aˆ2η(0, p)
(23)
and images wˆj(y, t) of functions wj(y, t)
wˆ1ξξ(ξ, p)− pPr−11 wˆ1(ξ, p) = −
Pr−11 w10(ξ) +Ra1
ξ∫
0
aˆ1(z, p) dz + Cˆ(p)
 ,
wˆ2ηη(η, p)− pχ
h2 Pr2
wˆ2(η, p) = −
 χ
h2Pr2
w20(ξ) +Ra2
η∫
0
aˆ2(z, p) dz +
ρνχ
h3
Cˆ(p)
 ,
(24)
wˆ1(−1, p) = wˆ2(1, p) = 0, χh−1wˆ1(0, p) = wˆ2(0, p),
wˆ2η(0, p)− ρνχh−2wˆ1ξ(0, p) = −Maaˆ1(0, p), χ
0∫
−1
wˆ2(ξ, p) dξ +
1∫
0
wˆ2(η, p) dη = Qˆ(p).
(25)
The problems (22), (23) and (24), (25) are written in a dimensionless form with the characteristic
scales h21/χ
−1
1 , A
s
1, χj/h
−1
j for time and functions aj(y, t), wj(y, t), respectively. Upon that
As1 = maxt
|A1(t)| > 0, Prj = νj/χj are the Prandtl numbers. In deriving equations (22), (23)
the initial data (4), (9) are used. In (23), (25) Aˆ1(p), Aˆ2(p) and Qˆ(p) are images of given
functions A1(t), A2(t) and Q(t), respectively (see conditions (5) and (13)).
The general solution of equations (22) has the form
aˆ1(ξ, p) = m1sh
√
pξ +m2ch
√
pξ − 1√
p
ξ∫
−1
a10(z)sh
√
p(ξ − z) dz,
aˆ2(η, p) = m3sh
√
pχh−1η +m4ch
√
pχh−1η − 1
h
√
pχ−1
η∫
0
a20(z)sh
√
pχh−1(η − z) dz.
(26)
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Similarly, the solution of equations (24) has the form
wˆ1(ξ, p) = C1shα1ξ + C2chα1ξ − 1
α1
ξ∫
0
f1(z, p)shα1(ξ − z) dz − Cˆ(p)
α1
(chα1ξ − 1),
wˆ2(η, p) = C3shα2η + C4chα2η − 1
α2
η∫
0
f2(z, p)shα2(η − z) dz − ρνPr2Cˆ(p)
ph
(chα2η − 1),
(27)
f1(ξ, p) = Pr
−1
1 w10(ξ) + Ra1
ξ∫
0
aˆ1(z, p) dz, f2(η, p) =
χ
h2Pr2
w20(ξ) + Ra2
η∫
0
aˆ2(z, p) dz,
α1 =
√
pPr−11 , α2 =
√
pχPr−12 h
−1.
The values mk, Ck, k = 1, .., 4, including in (26), (27), and the function Cˆ are determined from
boundary conditions (23), (25) have complex expressions and are not given here.
Suppose that lim
t→∞Aj(t) = A
s
j and limt→∞Q(t) = Q
s. Using the obtained representations for
aˆj(y, p), wˆj(y, p) and Cˆ(p) we can prove the limit equalities
lim
t→∞ aj(y, t) = limp→0
paˆj(y, p) = a
s
j(y), limt→∞wj(y, t) = limp→0
pwˆj(y, p) = w
s
j (y),
lim
t→∞C(t) = limp→0
pCˆ(p) = Cs,
(28)
where asj(y), w
s(y) and Cs are given by formulas (14) – (16). It is in agreement with the
conclusions of the Section 3.
Let us apply the method of the numerical inversion of the Laplace transformation to obtain
some results for the velocity functions. Let Q(t) = Qs = 0 (the motion is caused by the
action of the thermogravitational forces) and the longitudinal temperature gradient on the
walls is distributed according to the law Aj(t) = γ
1
j + γ
2
j e
−γ3j t sin(γ4j t), j = 1, 2, where the
coefficients γ2j , γ
4
j correspond to the amplitude and frequency of the oscillations, respectively. If
γ1j 6= 0, γ3j > 0 then takes place convergence of the solution to the stationary regime, according
to equations (28). If γ3j 6 0, then limits of the function Aj(t) at t → ∞ do not exist then
the solution does not tend to a stationary regime. Figure 2 and Figure 3 correspond to cases
A1(t) = 1 − 5e−0.01t sin(0.1t) and A1(t) = 2 sin(0.1t), respectively. As expected, the solution
does not tend to a stationary regime with increasing time in the latter example.
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Figure 2. Dimensionless velocities profile wj(y, t) at A1(t) = 1 − 5e−0.01t sin(0.1t), A2(t) = 0,
h1 = h2 = 0.001m
Figure 3. Dimensionless velocities profile wj(y, t) at A1(t) = 2 sin(0.1t), A2(t) = 0, h1 = h2 =
0.001m
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